Abstract. We prove that the moduli spaces of rational curves of degree at most 3 in linear sections of the Grassmannian Gr(2, 5) are all rational varieties. We also study their compactifications and birational geometry.
Introduction
Rational curves in Fano varieties have played useful roles in algebraic geometry as in the works of Clemens-Griffiths [8] , Iskovski [25] , Beauville-Donagai [2] , Lehn-Lehn-Sorger-van Straten [35] , Takkagi-Zucconi [43] and Iliev-Manivel [24] . Understanding the birational geometry of the moduli spaces of rational curves in a Fano variety may lead us to interesting examples of new varieties or may reveal some internal structure of Fano varieties ( [9, 40] ). In [27, 5, 4] , the authors investigated the birational geometry of compactified moduli spaces of rational curves of degree ≤ 3 in projective spaces and homogeneous varieties. The purpose of this paper is to investigate the geometry of moduli spaces of rational curves of degree ≤ 3 in linear sections of Grassmannian Gr (2, 5) .
A smooth Fano varietiy refers to a smooth projective variety Y whose canonical bundle K Y is antiample, i.e. the dual K (1) . It is well known [26] that the index of a smooth Fano variety is bounded from above by dim(Y) + 1. We define coindex(Y) = dim Y + 1 − index(Y). If coindex(Y) = 0, Y is a projective space. When coindex(Y) = 1, Y is a quadric hypersurface, which is a homogeneous variety. Therefore the results of [5, 4] account for the birational geometry of rational curves of degree ≤ 3 when coindex(Y) ≤ 1.
Among Fano varieties of coindex 2, cubic hypersurfaces have attracted the most interest. In [8] , Clemens-Griffiths utilized the moduli space of lines to prove the nonrationality of cubic 3-folds. In [2] , Beauville-Donagi showed that the moduli space of lines in a cubic 4-fold is a hyperkähler manifold of dimension 4. In [35] , LehnLehn-Sorger-van Straten investigated the birational geometry of moduli spaces of twisted cubic curves in a cubic 4-fold and constructed a hyperkähler manifold of dimension 8.
Another interesting family of Fano varieties of coindex 2 is linear sections of Grassmannian Gr (2, 5) . Let Gr(2, 5) ⊂ P 9 denote the Plücker embedding and let Y In particular these moduli spaces are all rational and irreducible. In this paper, we prove To prove this theorem, we first classify smooth rational curves on Gr(2, 5) of degree ≤ 3 (cf. §2). We find that a line (resp. conic, resp. twisted cubic) in Gr(2, 5) has a vertex (resp. envelope, resp. axis) which gives us a rational map
Gr (2, 5) ). Analyzing the fibers of these maps, we obtain the desired rationality( §3). As a consequence, we can only expect to find rational varieties from the birational geometry of rational curves in Y m 5 , unlike the case of cubic hypersurfaces (cf. [2, 35] ). After proving Theorem 1.1, we investigate compactified moduli spaces of rational curves in Y m 5 . In §4, we describe the birational geometry of compactified moduli spaces of rational curves of degree d ≤ 3 in Y 6 5 = Gr(2, 5) from [5, 4] . For lines, it is straightforward that R 1 (Y ) is the flag variety Gr (1, 3, 5) . For conics, the quasimap perspective (cf. [28] ) gives us a compactification (1.2) P(Hom(C 2 , C 2 ) ⊕5 )//SL 2 × SL 2 .
The two SL 2 act on the two C 2 in the standard manner and hence we find that (1.2) is the quiver variety associated to the quiver with two vertices and five edges connecting the vertices ( [12, Proposition 15] and [30] ).
In §5, we prove that The method studying about lines or conics in this paper can be applied in the 3-fold case Y 1.1. Notations. All the schemes in this paper are defined over C and Gr(k, n) denotes the space of k-dimensional subspaces in C n . Let {e 0 , e 1 , · · · , e n−1 } be the standard basis of C n unless otherwise stated. Let p i 1 i 2 ···i k 's denote the Plücker coordinates of the Grassmannian Gr(k, n) ֒→ P(∧ k C n ).
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Rational curves in Grassmannians
In this section, we classify rational curves of degree ≤ 3 in Grassmannians. Let Gr(2, n), (n ≥ 4) be the Grassmannian of lines in P n−1 and consider the Plücker embedding
To study the rational curves in Gr(2, n), we only consider the following collection of Schubert cycles in Gr(2, n).
Definition 2.1. Let us think of a point ℓ ∈ Gr(2, n) as a line in P n−1 and fix a flag p ∈ P 1 ⊂ P 2 ⊂ P 3 ⊂ P n−1 . Then we define
The dimensions (and the degrees) of the Schubert cycles comes from [18, Page 196] and [14, Example 14.7.11] . When n = 5, these cycles freely generate the homology H * (Gr(2, 5), Z). Let S(C, C ′ ) be the rational normal scroll arising from the rational normal curves C and C ′ (allowing C to be a point).
Proposition 2.2. Let C be a smooth rational curve in G = Gr(2, n) of degree d with respect to the Plücker embedding. Proof. If ℓ is a line in P n−1 , the locus of hyperplanes in P n−1 containing ℓ is isomorphic to P n−3 ⊂ P (n−1) * . Thus the locus of hyperplanes in P n−1 containing a line in the family parameterized by the curve C has dimension at most n − 2 < n − 1 = dimP (n−1) * . Let us choose a point [Π] ∈ P (n−1) * of the complement of this locus. Then Π ⊂ P n−1 meets each line in the family parameterized by C transversely ([20, Chapter I, Theorem 7.1]). Let C ← F f → P n−1 denote the family of lines parameterized by C where π : F → C is a P 1 -bundle and f| π −1 (x) is the embedding of the line represented by x so that we have a Cartesian diagram
intersects with Π transversely, locally we can write the bijective map
and find that
. Then the family F of lines can be represented by two dimensional subspaces of C n spanned by the rows of a 0 a 1 a 2 a 3 · · · a n−1
and hence the Plücker coordinates for C ⊂ Gr(2, n) ⊂ P (
. Therefore, we find that the degree of C is
. If we let p = (a 0 : a 1 : · · · : a n−1 ) and Λ be the plane spanned by p, The case for d = 3 is similar. 
(2) For any smooth conic C ⊂ G ⊂ P (
there is a line ℓ ⊂ P n−1 which meets all the lines in P n−1 parameterized by C.
Proof. By Proposition 2.2 (1), each line in G parameterizes the family of lines in a plane P 2 ⊂ P n−1 passing through a point p ∈ P 2 . Conversely, such a family of lines in P n−1 gives a line in G. By Proposition 2.2 (2), each conic C in G parameterizes lines joining a point p and points in a conic C ′ , or points in a line ℓ 0 and another line ℓ 1 . If we choose a P 3 containing p and C ′ or ℓ 0 and ℓ 1 , then all the lines in the family parameterized by C are contained in the P 3 . By Proposition 2.2 (3), each twisted cubic C in G parameterizes lines joining a point p and points in a twisted cubic C ′ or points in a line ℓ and a conic C ′′ . If we choose any line through p meeting with the cubic C ′ in the first case or the line ℓ in the second case, we find that all the lines in the family parameterized by C meet ℓ. (1) There is a morphism η 1 : R 1 (G) → P n−1 which assigns the vertex to each line in G. Each fiber is isomorphic to Gr(2, n − 1).
(2) There is a rational map η 2 : R 2 (G) Gr(4, n) which assigns the envelope to each smooth conic in G. A general fiber is isomorphic to the moduli space R 2 (σ n−4,n−4 ) of conics in the Schubert cycle σ n−4,n−4 ( ∼ = Gr(2, 4)) in Definition 2.1.
(3) There is a rational map η 3 : R 3 (G) Gr(2, n) which assigns the axis to each twisted cubic curve in G. A general fiber is isomorphic to the moduli space R 3 (σ n−3,0 ) of smooth twisted cubics in the Schubert cycle σ n−3,0 in Definition 2.1.
(2) General conic C is given by (p, C ′ ) or (ℓ 0 , ℓ 1 ) in the notation of Proposition 2.2 (2) which span a unique P 3 ⊂ P n−1 . In this case C ∈ R 2 (σ n−4,n−4 ). (3) General twisted cubic C is given by (ℓ, C ′′ ) in the notation of Proposition 2.2 (3). Lines meeting ℓ form the Schubert cycle σ n−3,0 .
Rationality of moduli spaces of rational curves in linear sections of Grassmannian
Before embarking on the study of the birational geometry of moduli spaces of rational curves in Grassmannians, we determine their birational types. The purpose of this section is to prove the following rationality result. (
) is the disjoint union of five copies of By adjunction, a smooth twisted cubic in Y 2 5 is a rational curve with selfintersection number 1. These are the (proper transforms of) lines in P 2 not passing through any of the four blow up centers or conics passing through three out of the four blowup centers. The first collection is P 2 minus four lines while the second is four copies of P 2 minus a line. 
In particular, R d (Y 
be the incident variety of the pair of the curve C and the subspace H ⊂ P 9 whose codimension is m − 3. The second projection map p 2 : I → Gr(13 − m, 10) is clearly dominant. Moreover, Gr(13 − m, 10) is irreducible. Since p
) is irreducible for the general H (Proposition 3.3), the incident variety I is irreducible. Now the first projection map p 1 :
9 is contained in a P 3 and hence in a subspace H ⊂ P 9 of codimension m − 3. This proves the claim.
With the irreducibility (Corollary 3.5) at hand, the rationality of R d (Y Proof. By Proposition 2.2, giving a line in Y 6 5 is equivalent to giving a pair of a point p ∈ P 4 and a plane P 2 ⊂ P 4 containing p (vertex). So we get (1). By Corollary 2.6 (2), we have the rational map (envelope)
whose general fiber is R 2 (σ 1,1 ). By Plücker embedding, σ 1,1 ∼ = Gr(2, 4) ⊂ P 5 is a quadric hypersurface. Hence a general P 2 in P 5 gives a smooth conic Gr(2, 4) ∩ P 2 . Therefore if we let U → Gr(4, 5) ∼ = P 4 be the universal rank 4 bundle, a general point in the relative Grassmannian Gr(3, ∧ 2 U) over P 4 gives a conic in Gr (2, 5) . This clearly gives the birational map (2) .
By Corollary 2.6 (3), we have the rational map (axis) η 3 : R 3 (Y 6 5 ) Gr(2, 5) whose general fiber is R 3 (σ 2,0 ). By direct computation with coordinates, we find that σ 2,0 is contained in a linear subspace P 6 of P 9 and σ 2,0 is defined by three quadric polynomial equations. As mentioned in Remark 3.4, a general P 3 in P 6 intersects with σ 2,0 along a twisted cubic. Hence let Q be the universal quotient bundle on Gr(2, 5). Let K 7 be the kernel of surjection
Then a general point in the relative Grassmannian Gr(4, K 7 ) over Gr (2, 5) gives a twisted cubic in Gr (2, 5) . This proves item (3).
A plane in Gr(2, 5) is either the collection of lines in P 3 ⊂ P 4 passing through a point p ∈ P 3 or the collection of lines in a plane P 2 ⊂ P 4 . The first is parameterized by Gr(1, 4, 5) while the second is by Gr(3, 5).
Lemma 3.7.
(
) is birational to a Gr(4, 6)-bundle over Gr (2, 5) .
9 as a linear subvariety. By Bertini's theorem, for general p, σ 3,0 (p) intersects with H 1 cleanly along a P 2 . Therefore a general fiber of
→ O} be the kernel of the composition map where the second arrow is given by the hyperplane H 1 . Then the general point in the relative Grassimannian Gr(3, K 5 ) over Gr (4, 5) gives a conic in Y Gr(2, 5) is R 3 (σ 2,0 ∩ H 1 ) for a hyperplane H 1 of P 6 in the notation of the proof of Lemma 3.6. By the proof of Lemma 3.6, a general choice of P 3 in H 1 ∩ P 6 gives a twisted cubic σ 2,0 ∩ P 3 and hence the fiber above is birational to Gr(4, 6). Therefore let K 7 be the bundle of rank 7 defined in item (3) of Lemma 3.6. Let K 6 be the kernel of the composition map:
→ O where the second map is defined by H 1 . Then the relative Grassmannian Gr(4, K 6 ) over Gr(2, 5) provides the birational model. Lemma 3.8.
) is birational to a Gr(4, 5) = P 4 -bundle over Gr (2, 5) .
Proof. The proof is identical to that for Lemma 3.7, if we simply use
In the remaining sections, we will provide a more detailed description of com- Let us recall several compactifications of R d (G) that we studied in [4] .
• Hilbert compactification: Since Y ⊂ P 9 , Grothendieck's general construction gives us the Hilbert scheme Hilb dt+1 (G) of closed subschemes of G with Hilbert polynomial h(t) = dt + 1 as a closed subscheme of Hilb dt+1 (P r ). The closure
is a compactification which we call the Hilbert compactification..
• Kontsevich compactification: A stable map is a morphism of a connected nodal curve f : C → G with finite automorphism group. Here two maps f : C → G and f ′ : C ′ → G are isomorphic if there exists an isomorphism η :
for t >> 0
for any nontrivial pure quotient sheaf E ′′ of the same dimension, where r(E) denotes the leading coefficient of the Hilbert polynomial χ(E(t)) = χ(E⊗O G (t)). We obtain stability if ≤ is replaced by <. If we replace the quotient sheaves E ′′ by subsheaves E ′ and reverse the inequality, we obtain an equivalent definition of (semi)stability. There is a projective moduli scheme Simp P (G) of semistable sheaves on G of a given Hilbert polynomial P. If C is a smooth rational curve in G, then the structure sheaf O C is a stable sheaf on G. Gr(1, 3, 5 ). Gr(2, 5) . Since G is a homogeneous variety, we can apply the results of [4] . For later use ( §6.2), let us discuss a birational geometry of the Hilbert scheme H 2 (G) which is related with the enveloping map (Corollary 2.6 (2))
Conics in G =
Let Gr(2, U) be the Grassmannian bundle over the universal bundle U of Gr (4, 5) . By [37, Theorem 1.4], there exists a relative Hilbert scheme of conics
with the canonical projection map η 2 . The Fano variety F 2 (Gr(2, n)) of planes in Gr(2, n) was described in [33, Theorem 4.9] . In particular, F 2 (Gr(2, 4)) = Gr(1, 4)⊔ Gr(3, 4) and F 2 (Gr(2, 5)) = Gr(1, 4, 5) ⊔ Gr(3, 5). The planes parameterized by Gr(1, 4, 5) (resp. Gr (3, 5) ) is called by σ 3,1 (resp. σ 2,2 )-plane.
Proposition 4.2. [24, §3.1] Under the above definition and notation, the natural birational morphism
is a smooth blow up morphism along the space ∆ of conics lying in the σ 2,2 -planes.
Proof. The exceptional divisor is a P 5 -bundle over a Gr(3, 4)-bundle over Gr (4, 5) . By its construction, the Gr(3, 4)-bundle over Gr(4, 5) is isomorphic to the Gr(1, 2) = P 1 -bundle over Gr (3, 5) where Gr(1, 2) parameterizes P 3 containing a fixed P 2 in P 4 . Hence, to show the smoothness of the blow-up Ψ, let us describe the normal space of ∆ in H 2 (G) at C. From the normal bundle sequence 0 → N C/P 2 → N C/G → N P 2 /G | C → 0 and the short exact sequence 0 → N P 2 /G (−2) → N P 2 /G → N P 2 /G | C → 0, we know that the normal space is isomorphic to
From a diagram chasing, N P 2 /G ∼ = Q ⊗ O ⊕2 P 2 for the σ 2,2 -type plane P 2 . Here Q is the universal quotient bundle on P 2 . This implies that the later space is
This space is naturally identified with the choice of P 3 in P 4 while containing the plane P 2 .
Proposition 4.3. Let S(G) = Gr(3, ∧ 2 U) be the relative Grassimannian bundle of the universal bundle U over Gr(4, 5). Then there exists a smooth blow-up morphism
Ξ : H 2 (Gr(2, U)) −→ S(G)
where the blow up center is the disjoint union of the flag varieties T (G) := Gr(1, 4, 5)⊔ Gr(3, 4, 5).
Proof. By the base change property of the blow-up, it is enough to check the claim fiberwisely. The later one has been done in [3, Lemma 3.9] . Note that T (G) is isomorphic to the relative orthogonal bundle OG(3, ∧ 2 U) over Gr(4, 5) ([21, Proposition 4.16]). By Proposition 4.2 and 4.3, we obtain the following diagram:
where U is the universal subbundle over Gr (4, 5) .
Let us finish this subsection after some remarks about stable map space similar to the diagram (4.1) from the viewpoint of the birational geometry ( [3] ). Since we do not use this part again in the remaining of the paper, we only sketch the results. Let M 2 (Gr(2, U)) be the space of relative stable maps of degree two and genus zero. Let M 2 (Gr(2, U)) → M 2 (Gr(2, 5)) be the forgetful map. Let N(Gr(2, 5)) be the relative Kronecker quiver space N(U; 2, 2) with the fiber N(4; 2, 2) (for the precise definition of quiver space, see [6] ). Then there exists a divisorial contraction M 2 (Gr(2, U)) → N(Gr(2, 5)) contracting the stable maps whose images are planar ( [6] ). In summary, we obtain
Consider the universal rank 2 subbundle
. Hence general rational curves are parameterized by an open subset of the geometric invariant theory quotient
where the first SL 2 acts on P 1 in the standard manner while the second acts on C 2 by matrix multiplication. This GIT quotient is obviously the quiver variety N(5; 2, 2) associated to the quiver with two vertices decorated with 2-dimensional vector spaces and five edges connecting the vertices. The geometry of the moduli space of stable maps M 2 (Gr(2, 5)) in the view point of Mori program has been studied in [7] . Gr(2, 5) . Because G is homogeneous, we can apply the results of [4] again. 
Twisted cubics in G =
where Hom 1 denotes the locus of rank 1 homomorphisms.
Fano 5-fold Y 5 5
In this section, we let Y 5 5 be the intersection of the Grassmannian G = Gr(2, 5) and a general hyperplane H. For explicit calculation, we will let
where p ij 's denote the Plücker coordinates. Proof. Each line Z in G is {ℓ ∈ G | p ∈ ℓ ⊂ P} for a plane P ⊂ P 4 and a point p ∈ P. We have a morphism The equation p 12 = p 03 gives a unique line Z in Y defined by a 2 +b 3 +αc 2 +βc 3 = 0. Hence ψ −1 (P) consists of a unique point unless c 2 = c 3 = a 2 + b 3 = 0. When the equations hold, ψ −1 (P) = P ∨ ∼ = P 2 is the space of lines in the plane P. By repeating the same with all other charts, we find that there is a smooth quadric 3-fold
Fano varieties of lines and planes in Y
where for U 4 = e 0 , e 1 , e 2 , e 3 , Gr(2, U 4 ) ⊂ Gr(3, 5) is the linear embedding:
is a point for P / ∈ Σ and P ∨ for P ∈ Σ. It is straightforward to prove that ψ is the blowup along Σ, by using explicit local chart calculation. For instance, consider the local chart (a 2 , b 2 , c 2 , a 3 , b 3 , c 3 , λ, µ) of Gr (1, Proof. As seen in Proposition 5.1, the reduced scheme Proof. From the proof of the previous lemma, we find that the locus F 2,2 2 (Y) of σ 2,2 -planes is the quadric 3-fold Σ.
Assigning the vertex gives a morphism ψ : F Let U be the universal subbundle on Gr(4, 5). Let Let V = C 5 be a 5-dimensional vector space. Note that the space S(G) is given by an incident variety
The embedding map
•
where
Proposition 5.4. The intersection part T (Y) is a disjoint union of two connected components:
Proof. The first part is clear. The second part comes from the direct computation from a composition digram
where the image p(T 2,2 (Y)) = Σ is the smooth quadric Gr(2, V Proof. Recall that V be a 5-dimensional vector space with a fixed basis {e 0 , e 1 , e 2 , e 3 , e 4 }. For U 4 = e 0 , e 1 , e 2 , e 3 , the linear embedding Gr(3, U 4 ) ⊂ Gr(4, V) is given by (4, 5) and Ω be a skew-symmetric 2-form on V induced from p 12 −p 03 . More exiplcitly, Ω is a 2-form on V represented by the skew-symmetric matrix (x ij ) ∈ P(∧ 2 V * ) whose entries are all zero except for x 12 = −x 21 = x 30 = −x 03 = 1. Clearly, rankΩ = 4 and thus rankΩ| V 4 = 0. If the rankΩ| V 4 =4, then there is no vector v ∈ ker Ω| V 4 . Thus there is no σ 3,1 -plane in the fiber of T (Y 5 5 ) over V. Also there is no 3-dimemsnional subspace V 3 ⊂ V 4 such that Ω| V 3 =0 since it forces the rankΩ| V 4 to be equal or less than 2. Therefore the fiber is empty when the rankΩ| V 4 = 4. Consider the case that the rankΩ| V 4 = 2. If V 4 ∩ (ker Ω = e 4 ) = 0 , then the natural morphism V 4 → V/ e 4 is an isomorphism and the rankΩ| V 4 =4 since the 2-form Ω descents to a rank 4 form on V/ e 4 , which is a contradiction. Thus e 4 ⊂ V 4 . Conversely, if e 4 ⊂ V 4 , then the rankΩ ≤ 2 since e 4 ⊂ ker Ω| V 4 , therefore it is equal to 2. Hence the rankΩ| V 4 = 2 if and only if V 4 ∈ Gr(3, V 4 ) which is linearly embedded in Gr(4, V). And the set of σ 3,1 -planes over V clearly equals to P(ker
is an isomorphism and therefore the rankΩ| V 3 =rankΩ| V 4 = 2, which is a contradiction. Therefore dim V 3 /(ker Ω| V 4 ∩V 3 ) = 1, which is equivalent to that ker Ω| V 4 ⊂ V 3 . Therefore the set of σ 2,2 -planes corresponds to P((V 4 / ker Ω| V 4 ) (3, 4) . For the later use, we need to confirm that the intersection part T (Y) = S(Y)∩T (G) is a scheme theoretic one (cf. [34, Lemma 5.1] ). Let us denote T X,x by the tangent space of a smooth variety X at a closed point x.
Lemma 5.6.
Proof. Consider the tangent bundle sequences
To prove the claim, it is suffice to prove that the induced map q in (5.2) is an isomorphism. But the direct computation says that there exists a commutative diagram
Here the plane
The first horizontal isomorphism in (5.3) comes from the nested normal bundle sequence 
by the equation (5.1) and thus we finished the proof of the claim. 
In particular, H 2 (Y) is smooth, irreducible variety of dimension 10.
Proof. By Lemma 5.6, the blown-up space S(Y) is the proper transformation of S(Y) through the blow-up morphism Ξ : H 2 (Gr(2, U)) −→ S(Gr (2, 5) In this section we let Y = Y 4 5 denote the Fano 4-fold defined as the intersection of G = Gr(2, 5) with two general hyperplanes H 1 , H 2 in P(∧ 2 C 5 ) = P 9 . Let p ij denote the Plücker coordinates. For explicit calculations, we will let
The results on lines and planes in Y are due to Todd [42] . We include elementary proofs of the results for reader's convenience. The result on conics seems new. Proof. Let (1, a 1 , a 2 , a 3 , a 4 ) Proof. Recall that a line Z in G = Gr(2, 5) is the set of lines in a plane P in P 4 passing through a point p ∈ P, which we call the vertex of the line Z. Assigning the vertex to a line in V gives a morphism
By the proof of Lemma 6.3, y = (1, a 1 , a 2 , a 3 , a 4 ) ∈ P 4 , if v / ∈ C 0 , the σ 3,1 -cycle σ 3,1 (v) with vertex v intersects with Y along a line. If v ∈ C 0 , σ 3,1 (v) intersects with Y along a plane P(v) in Y. Hence ψ −1 (y) is a point for y / ∈ C 0 and P 2 for y ∈ C 0 .
By explicit local chart calculation as in the proof of Proposition 5.1, it is again straightforward to show that ψ is the blowup map along C 0 . Also, by the same argument in Lemma 5.2, one can show that the Hilbert scheme H 1 (Y) is smooth and thus finish the proof. Proof. The proof can be done by the parallel way of that of Proposition 5.8. Here Ω (resp. Ω ′ ) is the skew-symmetric 2-form on V induced from p 12 − p 03 (resp. p 13 − p 24 ).
Fano 3-fold Y 3 5
The method of proofs in previous sections can be applied to the Fano 3-fold, which enables us to re-prove the well-known results about the space of lines and conics. For explicit calculations, we let H 1 = {p 12 − p 03 = 0}, H 2 = {p 13 − p 24 = 0}, H 3 = {p 14 − p 02 = 0}. Then the condition says that the defining ideal of the image Im(F 1 (Y)) in Gr(1, 5) = P 4 is given by 
